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Abstract

This study investigates the overall and local response of porous media composed of a perfectly plastic matrix weak-
ened by stress-free voids. Attention is focused on the specific role played by porosity fluctuations inside a representative
volume element. To this end, numerical simulations using the Fast Fourier Transform (FFT) are performed on different
classes of microstructure corresponding to different spatial distributions of voids. Three types of microstructures are
investigated: random microstructures with no void clustering, microstructures with a connected cluster of voids and
microstructures with disconnected void clusters. These numerical simulations show that the porosity fluctuations can
have a strong effect on the overall yield surface of porous materials. Random microstructures without clusters and
microstructures with a connected cluster are the hardest and the softest configurations, respectively, whereas micro-
structures with disconnected clusters lead to intermediate responses. At a more local scale, the salient feature of the
fields is the tendency for the strain fields to concentrate in specific bands. Finally, an image analysis tool is proposed
for the statistical characterization of the porosity distribution. It relies on the distribution of the �distance function�,
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the width of which increases when clusters are present. An additional connectedness analysis allows us to discriminate
between clustered microstructures.
� 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

An accurate description of the effective behavior of porous materials is required to model accurately the
ductile fracture of materials. Since the pioneering work of Gurson (1977), whose celebrated criterion was
derived from the analysis of a rigid perfectly plastic hollow sphere, a number of studies have led to various
improvements of this criterion. Most of them are based on the analysis of a unit-cell consisting of a unique
(generally spherical) void surrounded by a cylindrical block of nonlinear matrix subjected to periodic
boundary conditions. Tvergaard and Needleman introduced several modifications in Gurson�s model to
better fit unit-cell computations leading to the Gurson–Tvergaard–Needleman (GTN) model (see Tverg-
aard, 1990 for a review). First a multiplicative factor q1 for the porosity has been introduced to model
the influence of interactions between voids on the effective yield surface of porous materials. Then, in order
to capture the acceleration of the cavity growth near coalescence, the actual porosity f has been replaced by
an effective larger porosity f*. In a subsequent work, also based on the Finite Element Method, Koplik and
Needleman (1988) showed that the response of a voided axisymmetric unit-cell can be accurately repro-
duced by the GTN criterion. They also observed that beyond a critical value of the macroscopic equivalent
strain, the local strain field localizes between neighboring voids. Other treatments of the cavity growth and
coalescence can be found in Thomason (1990) and Leblond and Perrin (1999) among others. Gurson�s cri-
terion has also been extended to account for changes in pore shape by considering spheroidal voids sub-
jected to a macroscopic stress parallel to one of their axes (Gologanu et al. (1993) for ideally plastic
materials, Gãrãjeu and Suquet (1997) for viscoplastic and ideally plastic material), and to anisotropic
matrices obeying an orthotropic quadratic Hill criterion (Benzerga et al., 1999).

Despite the progress that has been made, the analytical models available so far are still unable to take
into account the actual spatial distribution of the voids or, at least, the fluctuations in local porosity on
both the overall and local responses of voided materials. Becker (1987) has performed two-dimensional fi-
nite element simulations for an elastic–viscoplastic material obeying the GTN criterion with an inhomoge-
neous porosity distribution. His results show that the plastic flow concentrates into bands in areas with
large void volume fraction, resulting in local failure by coalescence between these bands. In an analytical
study, Perrin and Leblond (1990) have considered a composite sphere composed of two porous plastic
materials each of them obeying Gurson�s criterion with its own porosity. They found that, under hydro-
static stress, the macroscopic yield stress is different from the one derived for the average homogeneous
porosity, showing an effect of the porosity distribution on the effective yield properties of voided materials.
Distribution effects in porous media or in metal matrix composites have been investigated by many authors
by means of finite element simulations (Brockenbrough et al., 1991; Böhm and Rammerstorfer, 1995; Sop-
pa et al., 1998). Most of these studies rely on simulations of periodic microstructures with unit cells con-
taining only a limited number of pores or reinforcements, which can hardly mimic realistic situations of
random media. Very local interactions between neighboring inclusions or pores of similar or different sizes
can be studied in this way, but the investigation of long range interactions governed by the statistics of an
actual random distribution, requires large scale simulations which are often limited by computer capabil-
ities. This is why most investigations are often limited to two-dimensional analyses. These computations
show however that strain localization phenomena under uniaxial tension are strongly dependent on distri-
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bution effects (Soppa et al., 1998). More general loading conditions for two-dimensional porous media un-
der finite strain have recently been investigated by Pijnenburg and Van der giessen (2001) but only one pore
unit cells have been considered. Significant deviations of the effective response of such porous media with
respect to Gurson�s model have been observed and they seem to be associated with a strong localization of
the local strain field, especially for nonaxisymmetric loading conditions. Interactions between pores of dif-
ferent sizes have been investigated in the context of classical plasticity by Faleskog and Shih (1997) and
Pardoen and Hutchinson (2003) or in the framework of nonlocal plasticity by Tvergaard and Niordson
(2004). Once again the considered pore distributions were very regular when not perfectly periodic. The
plastic response of a porous material made up of a more realistic microstructure accounting for a nonuni-
form distribution of cylindrical voids (without clusters) has recently been investigated numerically by Mi-
chel et al. (2001). In this work, the matrix was ideally plastic, satisfying periodic boundary conditions and
subjected to an axisymmetric loading in the direction of the cylindrical void. An algorithm based on the fast
Fourier transform (FFT) was preferred to finite element simulations to handle the large numbers of degrees
of freedom required in these calculations. In opposition to previous works, the size of the unit-cell was
much larger than the pore size (about 30 times larger) so that a larger variability in the relative position
of neighboring pores could be taken into account in the simulations. In addition, the computations are ex-
pected to be less sensitive to the periodic boundary conditions which are used. The results showed signif-
icant effects of the distribution on the yield surface. In particular, the yield stress at high triaxiality is
significantly reduced. In addition, in agreement with previous observations by Becker, they found that
the deformation tends to concentrate into bands linking voids to form a path through the representative
volume element (RVE). These results suggest that a systematic study of the effects of the porosity distribu-
tion on the global and local response of porous materials is of definite interest. This is the main goal of this
paper.

The first part of the paper is devoted to the different types of microstructures investigated in this study,
representing random distributions of voids with or without clusters. Within the class of clustered micro-
structures there exist two different sub-classes according to whether the clusters are connected to each oth-
ers or disconnected.

In the second part of the paper, two-dimensional and three-dimensional FFT simulations are performed
on such microstructures for different loading conditions and different triaxiality ratios ranging from purely
hydrostatic stress to pure shear stress. The results show that the porosity distribution has an effect on the
yield stress, the importance of which depends on the type of microstructure: microstructures without clus-
ters exhibit the highest yield stress, microstructures with connected clusters are the softest ones whereas
microstructures with disconnected clusters show intermediate responses. These general trends hold irrespec-
tive of the directions and of the intensity of the macroscopic stress but the amplitude of the deviations does
depend on those factors. Furthermore, as found in Becker (1987) and in Michel et al. (2001), the deforma-
tion tends to concentrate in bands linking the voids together to form a path through the RVE.

Finally, because of the strong influence of the type of microstructures on the macroscopic and micro-
scopic behavior of the porous media that has been found, we propose a statistical tool to detect the presence
of clusters in a porous microstructure. It is based on the ‘‘distance function’’ giving at each point in the
matrix the distance to the nearest pore. In addition, an analysis of the connectedness of the clusters is pro-
posed to distinguish microstructures with connected clusters from those with disconnected clusters.
2. Simulation of microstructures

Currently available computational codes can hardly be used to perform systematic investigations of rep-
resentative microstructures obtained from real samples. In addition, in order to obtain generic results which
do not depend on the specific details of a given microstructure, it is more appropriate to perform numerical
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simulations on microstructures which obey some known statistical properties (a detailed exposition of the
statistics of random microstructures can be found in Torquato (2003)). This is why simulated microstruc-
tures or RVE�s were used in this study. They consist of a homogeneous matrix containing circular or spher-
ical voids. Two main families were generated: ‘‘random’’ microstructures where no particular clustering
effect is enforced and ‘‘clustered’’ microstructures where either connected or disconnected clusters are delib-
erately introduced.

2.1. Random microstructures

Several schemes can be used to generate random microstructures. Spherical (for three-dimensional simu-
lations) or circular (for two-dimensional ones) voids, defined by the coordinates of their center and their
radius, are implanted according to a point process for the coordinates and to a random scalar process
for the radius. Depending on the assumptions made for the implementation of the voids, different types
of microstructures are obtained as shown in Fig. 1. In the classical Boolean model, the centers are randomly
implanted according to a standard Poisson process, with no limitation on their relative positions, so that
the voids can overlap (Fig. 1a). A constraint on the minimal distance between voids can be imposed to pre-
vent void overlapping. This distance is zero for the hard sphere model (Fig. 1b) and is strictly positive for
the cherry pit model (Fig. 1c) where voids can neither overlap nor come into contact (Torquato, 2003). In
both latter cases, pores are generated one after the other: if the current pore does not satisfy the minimal
distance requirement, it is removed and a new one is generated until the distance condition is fulfilled. The
pore size can be the same for all voids or different; in the second case a uniform probability law for the pore
size distribution has been adopted. The overall porosity can be monitored precisely. In the case of a single
pore size (monodisperse case) the radius is derived from the described porosity and the total number of
pores (about 40) and from the known volume (or area) of the RVE. In the polydisperse case new pores
are added as long as the prescribed porosity is not exceeded; as soon as it is, the radius of the last void
is reduced until the prescribed porosity is reached. Note that a precise porosity is required for comparison
purposes: since the overall behavior is strongly dependent on the pore volume fraction, morphological
effects related to pore distribution need to be investigated at the same porosity.

The computational method used here requires the unit-cells to be periodic. In the case of hard spheres or
cherry pits, the constraint on the minimal distance between voids is to be imposed not only between voids
located inside the unit-cell itself (main unit-cell) but also to voids located in the N cells (N = 26 in three
dimensions, N = 8 in two dimensions) adjacent to the main one. When a void intersects one of the edges
of the main unit-cell and then falls partly into the peripheral cells, it is split into two or four parts in the
Fig. 1. Two-dimensional random periodic microstructures with identical size: (a) classical boolean model; (b) hard sphere model and
(c) cherry pit model.
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two-dimensional case or into 2, 4 or 8 parts in the three-dimensional case. The parts belonging to the main
unit-cell stay in place whereas the parts falling in the peripheral cells are moved into the main unit-cell by
periodicity.

2.2. Clustered microstructures

A two-step procedure is used to generate clustered microstructures. The coarser scale is associated with
the clusters whereas the finer scale is associated with the voids themselves.

A two-scheme process is used to generate two microstructures with very different sphere radii, say �small�
and �large� spheres, which are then superimposed. If only the �small� voids with centers belonging to the �lar-
ger� spheres are retained, a clustered microstructure with disconnected clusters is obtained. Conversely, if
the �small� voids with centers outside the larger spheres are retained, a clustered microstructure with con-
nected clusters is obtained. Note that in the realizations of the clustered microstructures that have been con-
sidered in this study, the connected clusters are all connected to each others, so that there is only one single
connected cluster in the RVE. Example of such two-dimensional microstructures derived from the cherry
pit model used for both scales with variable void sizes is given in Fig. 2.

The total volume fraction of these clustered microstructures has again to be monitored precisely and the
following procedure has been adopted. First a microstructure with large spheres (or disks) is generated as
already described. A second process with smaller pores is then considered in association with the chosen
minimal distance condition but now only the voids located inside the larger spheres of the first process
are retained. The total porosity may then be obtained by adding pores until the prescribed porosity is
reached and by adjusting the size of the last pore (polydisperse case), or by adding pores until the required
number of pores is attained (uniform pore size).

It is not possible to reach large pore volume fraction with such simple incremental procedures for the
pore implementation, especially in the case of clustered cherry pit models, since, over a critical volume frac-
tion, it becomes impossible to insert additional pores due to the lack of space between existing pores. More
sophisticated procedures by which existing pores can be moved have been developed (Torquato, 2003). In
the present study where the void volume fraction is less than a few percents, it has not been necessary to
resort to these more elaborate algorithms.

Once the pore centers and radii are generated, a binary image of the unit cell required for further use in
the FFT calculations is created at a spatial resolution (number of pixels or voxels) prescribed by the user.
Black pixels correspond to the matrix and white ones to the pores. Because of the discrete nature of the
image and of the unavoidable rounding off errors it induces, the final volume fraction of the images, given
Fig. 2. Periodic clustered microstructures resulting from two cherry pit processes: (a) Superposed cherry pit schemes; (b) disconnected
clusters and (c) connected clusters.



Fig. 3. Simulated periodic microstructures: (a) cherry pit random process; (b) disconnected clusters and (c) connected clusters.
fs = 4.6%, uniform pore size.

Fig. 4. Simulated periodic microstructures: (a) cherry pit random process; (b) disconnected clusters and (c) connected clusters.
fs = 4.6%, nonuniform pore size.
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by the ratio of white pixels to the total number of pixels, might slightly differ from the prescribed volume
fraction, but never by more than 0.03%.

Figs. 3 and 4 show the three types of two-dimensional periodic microstructures used in the FFT com-
putations. Each type of microstructure has two variants: the first with uniform pore sizes––one for the
pores and one for the clusters––and the second with a variable size for the pores. All six microstructures
have the same macroscopic porosity equal to 4.6%. They were generated with the cherry pit scheme for both
scales. Specific values of the pore and cluster radii are given in Table 1. These values are given for a cell with
a length equal to 1. Fig. 5 shows the same three types of periodic microstructures obtained with the cherry
pit three dimensional scheme with a uniform void radius equal to 0.033 for the pores and to 0.19 for the
clusters. The minimal distance between pores and clusters is given in Table 1 and the overall porosity is
0.6% for each three-dimensional microstructure.

The microstructures presented in Figs. 3–5 are examples of those that actually served for the FFT cal-
culations. Since the number of pores is large and their size is small with respect to the cell size, the reali-
zation of the random microstructures is expected to be more representative of an actual material than
simulations based on periodic microstructures with only a couple of pores. However, the realizations for
clustered microstructures contain only four clusters and can thus hardly be considered as statistically rep-
resentative of real microstructures with a random distribution of clusters. Considering a large number of
clusters would lead to huge images which are beyond currently available computer capabilities. To over-



Table 1
Parameters used for the generation of the microstructures shown in Figs. 3–5

Microstructure Pore size
(radius)

Min. dist.
between pores

Cluster size
(radius)

Min. dist.
between clusters

Void volume
fraction (%)

3a 0.01953 0.08 – – 4.6
3b 0.01953 0.04 0.215 0.15 4.6
3c 0.01953 0.01 0.3 0.04 4.6
4a 0.005 to 0.035 0.08 – – 4.6
4b 0.005 to 0.035 0.04 0.215 0.15 4.6
4c 0.005 to 0.035 0.01 0.30 0.04 4.6
5a 0.033 0.18 – – 0.6
5b 0.033 0.03 0.22 0.20 0.6
5c 0.033 0.08 0.36 0.04 0.6

Fig. 5. Periodic three-dimensional clustered microstructures with uniform pore size: (a) random; (b) disconnected clusters and (c)
connected cluster.
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come this difficulty, several computations have been performed on different realizations of the microstruc-
ture corresponding to the same (limited) statistical information. In practice, four or five realizations have
been considered for each set of data and the corresponding results have been averaged. The dispersion of
the results from one configuration to another will be discussed. Admittedly it would have been preferable to
consider more realizations and this limited number was mostly motivated by computer limitations: some of
the three-dimensional simulations took more than one week on a multiprocessor workstation.

A more thorough analysis of the results shows in addition that the number of realizations that were used
in the present study, even limited, might be sufficient to reach a stable value for the ensemble average of the
results and to draw at least qualitative conclusions from these ensemble averages. Indeed, the dispersion of
the results between all realizations of a given microstructure provides a mean to qualitatively evaluate the
representativity of the results. It turns out that the results obtained with random porous media are less sca-
terred than those obtained from simulations with clustered pores, and are of the order of a few percent of the
average value: the accuracy of this average value is thus of the same order of magnitude. The dispersion for
the clustered microstructures are larger (10–20% of the average values), but the range of variation of the re-
sults for a given microstructure only slightly overlap with those obtained with another microstructure. The
qualitative comparison of the responses between microstructures is thus possible without bias. A more quan-
titative comparison might of course also be possible at the price of an increased size of the unit cell, contain-
ing more clusters, and of an increased number of realizations. More precisely, a systematic study of the
variance of the results as a function of the size of the investigated domain would allow us to be more pre-
dictive (see Kanit et al. (2003) for a discussion on these aspects). Such investigations are left to further work.



524 N. Bilger et al. / International Journal of Solids and Structures 42 (2005) 517–538
3. Numerical simulations based on the Fast Fourier Transform

3.1. The FFT method

The effects of the inhomogeneous distribution of porosity on the nonlinear behavior of a material with a
perfectly plastic matrix are studied by means of the numerical method based on the Fast Fourier Transform
method introduced by Moulinec and Suquet (1994). This method was specifically developed to deal with
complex (periodic) microstructures such as those simulated in Section 2 at a much lower computational cost
than the finite element method. The FFT method is briefly described below; more details can be found in
Moulinec and Suquet (1994, 1998), and in Michel et al. (2000).

The problem to be solved is the following. Let w (x, e) be the strain energy of the phases that compose an
RVE V of the composite under consideration, subjected to the average strain E. The strains are infinitesimal
and periodicity conditions are assumed at the boundary of the unit-cell. The local stress and strain fields
obey the following equations:
divðrðxÞÞ ¼ 0; rðxÞ ¼ ow
oe ðx; eðuÞÞ;

eðuÞ ¼ E þ eðu�Þ; u�#; r � n�#

�
ð1Þ
where u*#, r Æn�# denote a periodic fluctuating displacement u* and an anti-periodic traction r Æn, respec-
tively. As proposed by Eshelby in his pioneering work (Eshelby, 1957), problem defined by Eq. (1) can be
reformulated by introducing a homogeneous linear elastic reference medium with stiffness c0 and a nonuni-
form polarization field s(x):
divðrðxÞÞ ¼ 0; rðxÞ ¼ c0 : eðuðxÞÞ þ sðxÞ;
eðuÞ ¼ E þ eðu�Þ; u�#; r � n�#;

�
ð2Þ
where the polarization field s(x) reads
sðxÞ ¼ ow
oe

ðx; eðuÞÞ � c0 : eðuðxÞÞ: ð3Þ
The solution of Eq. (2) can be expressed in Fourier space by means of the periodic Green operator C0 asso-
ciated with the reference medium with stiffness c0
êðnÞ ¼ �bC0
ðnÞ : ŝðnÞ 8n 6¼ 0; êð0Þ ¼ E: ð4Þ
In Eq. (4), f̂ ðnÞ stands for the Fourier transform of f(x). Finally, due to the nonlinear dependence of the
polarization field given by Eq. (3) on the local strain field, problem defined by Eq. (1) is equivalent to a
nonlinear integral equation (which reduces to the well-known Lippmann–Schwinger equation when the
composite is linear). In order to solve this nonlinear integral equation, Moulinec and Suquet (1998) have
proposed a fixed-point method based on the iterative equation
ênþ1ðnÞ ¼ �bC0
ðnÞ : ŝnðnÞ 8n 6¼ 0; ênþ1ð0Þ ¼ E; ð5Þ
where
snðxÞ ¼ ðow=oeÞðx; enÞ � c0 : enðxÞ:

In practice, the computation of ŝnðnÞ requires the computation of sn (x) in real space and therefore a direct
and an inverse Fourier transform to pass from one space to the other. A limitation of this fixed-point meth-
od is that convergence is directly related to the contrast between the phases. Convergence is therefore not
ensured for composites with infinite contrast, which is precisely the case here for porous materials. To over-
come this difficulty, a method based on an augmented Lagrangian has been proposed by Michel et al.
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(2000). The resulting saddle-point problem is solved by means of a Uzawa algorithm which involves three
steps. The first step consists in solving a homogeneous linear elastic problem with eigenstress similar to Eq.
(2) and makes use of Eq. (4) in Fourier space. In the second step, a nonlinear problem is solved at each
individual point in the RVE. The third step consists in updating the Lagrange multiplier and is also a local
step in real space (see Michel et al., 2000; Michel et al., 2001 for more details).
3.2. Application to porous materials with a rigid perfectly-plastic matrix

As in Gurson�s analysis, we will consider only rigid perfectly-plastic materials. In this case the material
behavior derives from a strain energy (indeed a dissipation potential) which reads
wðx; eÞ ¼ r0eeq; ð6Þ

where r0 is the yield stress and eeq the equivalent strain (or strain-rate). Note that, in rigid perfect-plasticity,
e can be rigorously interpreted as a strain-rate.

For a rigid-plastic von Mises matrix, the nonlinear problem in the Uzawa algorithm described by Eq. (9)
in Michel et al. (2000) is not smooth enough since the function w (x, e) cannot be differentiated at the origin.
To overcome this difficulty, the energy function is regularized by adding an isotropic elastic term (Michel
et al., 2000) in such a way that
wðx; eÞ ¼ 9

2
ke2m þ f ðeeqÞ with f ðeeqÞ ¼

3
2
le2eq þ

r2
0

6l when eeq 6
r0

3l

r0eeq when eeq P r0

3l ;

(
ð7Þ
where k and l are the elastic bulk and shear moduli, respectively, and are chosen arbitrarily. The addition
of the elastic term, which does not affect the yield surface of the porous material, is just a numerical artifice.
This is only the case in the present framework of small strains: microstructure evolutions associated with
finite strain elasticity, as considered by Tvergaard (1999), are out of the scope of the present work.

The determination of the yield surface requires a step-by-step procedure. The average strain E is applied
incrementally as E (t) = tE0, where E0 is a prescribed strain direction. The evolution of the local strain and
stress fields e (u (t,x)) and r(t,x) solution of Eq. (1) is then computed. When t goes to infinity, the average
stress R(t) = hr(t) i stands on the yield surface of the porous material and E0 is an outer normal to the yield
surface at this point. The method can be modified to follow a prescribed direction in stress space. In this
case, a mixed procedure is adopted in which the direction R0 of the average stress is prescribed as
R (t) = k (t)R0 and the unknown amplitude k(t) is determined from the condition R0:E(t) = t. The latter pro-
cedure leads to a more accurate determination of the yield surface (Michel et al., 1999).

The rate of convergence of the augmented Lagrangian method depends on the choice of a stiffness tensor
c0 which stands for the homogeneous reference medium. In the absence of theoretical arguments for the
optimal choice of this tensor, it has been determined numerically. As mentioned in Michel et al. (2001),
the choice of the optimal value of c0 does not depend very strongly on the spatial resolution of the picture.
In our simulations, the stiffness of the reference medium was given by c0 = 8c, c being defined by k and l.

For computational purposes, the images are discretized into 12152 pixels in two dimensions and 1283 or
643 voxels in three dimensions. The three-dimensional discretization of 643 pixels, which may seem rela-
tively coarse, proved to be sufficient: the results obtained on the same microstructure discretized into 643

voxels and into 1283 voxels differ by less than one percent in terms of overall stress.

3.3. Overall loading conditions

Three-dimensional microstructures with very large unit cells are close to being isotropic, since the statis-
tical process by which they were generated does not select any preferential direction. The effective behavior
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should therefore only depend on the three invariants of the overall stress R, namely the mean stress

Rm = tr(R)/3, the equivalent von Mises stress Req ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2
devðRÞ : devðRÞ

q
, with dev(R) the deviatoric part

of R, and the determinant detðRÞ. The Gurson criterion and its variants depend explicitly on the two first
invariants and have been developed for axisymmetric load conditions, by which the third invariant of the
stress is completely determined by the first two invariants. In order to highlight the effects of the microstruc-
ture on the macroscopic behavior and to investigate the effect of the third invariant, nonaxisymmetric type-
A loadings given by Eq. (8) in the frame (e1,e2,e3) aligned with the periodicity directions, which combine
pure shear with hydrostatic pressure, will be considered here in addition to more classical type-B loadings
given by Eq. (9).
Table
Value

Load

Rm

Req

det(R)
R33

Rl
eq
R ¼
T R 0

R T 0

0 0 T

0B@
1CA; R > 0 : Type-A loading: ð8Þ

R ¼
T 0 0

0 S 0

0 0 T

0B@
1CA; S > T : Type-B loading: ð9Þ
Similar loading conditions will be considered for two-dimensional microstructures, with cylindrical voids
aligned in the third direction and randomly distributed in the transverse plane, with or without clusters.
Again, when the unit cell is very large, the overall behavior should be transversely isotropic, since the
statistical process by which the position of the cylinders have been determined in the transverse plane
does not select any preferential direction. The effective behavior depends then on the three above men-
tioned invariants and on two additional transversely isotropic invariants: the axial stress along the fibers,

R33, and the anti-plane shear Rl
eq ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2

13 þ R2
23

q
. The effect of the last invariant will not be investigated

here. The dependence on R33 illustrates the fact that a type-B loading with fibers aligned in the third
direction (i.e. a hydrostatic loading combined with a uniaxial tension in the transverse plane) differs from
a type-B loading with the fibers aligned in the second direction (i.e. a hydrostatic loading combined with
a uniaxial tension along the fibers), which is the condition considered by Gurson in his analysis of two-
dimensional porous media. This last case has already been addressed by Michel et al. (2001) for random
microstructures similar to those considered here and will not be discussed again here. In addition only
positive mean stress will be investigated. The values of the five invariants for all loading conditions
are summarized in Table 2.

Isotropy or transverse isotropy, which should be met exactly in the ideal case of an infinite cell, are
hardly satisfied with unit cells of a finite size. However taking the ensemble averages of all computations
performed over different realizations obtained with the same set of parameters defining the microstructure
reduces the anisotropy induced by finite-size effects. All results will thus be interpreted as if they would ex-
hibit the isotropy properties of large unit cells.
2
of the invariants related to type-A, type-B and ‘‘2D-Gurson’’ type load

Type-A Type-B ‘‘2D-Gurson’’

T (2T + S)/3 (2T + S)/3ffiffiffi
3

p
R S � T S � T

T ðT 2 � R2Þ ¼ RmðR2
m � 1

3 R2
eqÞ ST 2 ¼ Rm þ 2

3 Req

� 

Rm � 1

3 Req

� 
2
ST 2 ¼ Rm þ 2

3 Req

� 

Rm � 1

3 Req

� 
2
T = Rm T ¼ R2

m � 1
3 Req S ¼ R2

m þ 2
3 Req

0 0 0
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4. Two-dimensional computations

In the absence of anti-plane shear, i.e., R13 = R23 = 0, the translation invariance of the problem can be
used to show that the displacement field solution of the three-dimensional problem corresponds to a gen-
eralized plane strain state:
Fig. 6.
ua ¼ uaðx1; x2Þ; a ¼ 1; 2; u3 ¼ E33x3; ð10Þ

where direction 3 is the fiber direction. The following two-dimensional calculations have been performed
within this generalized plane strain framework. Therefore the two-dimensional microstructures correspond
to voided materials containing aligned cylindrical voids and subjected to a macroscopic stress without anti-
plane shear.

All FFT calculations presented in this section have been performed on microstructures similar to those
shown in Figs. 3 and 4 of Section 2.

4.1. Yield stress

Consider first a purely hydrostatic loading (R = 0, type-A loading) and a pure in-plane shear loading
(T = 0, type-A loading). The macroscopic stress–strain curves Rm = f (Em) and Req = f (Eeq), where Em

and Eeq are the macroscopic mean strain and the macroscopic equivalent strain respectively, are derived
from a step by step procedure, as explained in (Michel et al., 1999). They are shown in Fig. 6.

The clustered microstructures can be considered as softer than the random ones. Among them, those
with a connected cluster have a smaller yield stress than those with disconnected clusters. Hence, the pore
spatial distribution can be considered as an important microstructural property of porous media. In gen-
eral, the sensitivity of the overall yield stress with respect to the microstructure, quantified by its relative
variation for the three types of microstructure, is larger (50%) for a hydrostatic loading than for a pure
shear loading (10%). In Fig. 6, the error bars refer to the extreme values of the computed stress for the four
statistical realizations which have been generated for each type of microstructure, to balance the relatively
small size of the RVEs, whereas the solid or dashed lines correspond to the ensemble averages of the results.
The dispersion of the results is expected to decrease as the RVE becomes larger, as discussed earlier, but it is
already sufficiently small to clearly reveal the dependence of the effective behavior on the type of
microstructure.
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Fig. 7. Macroscopic yield surface: (a) type-A loading and (b) type-B loading.
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An arbitrary type-A loading is now considered, varying from a purely hydrostatic stress to an in-plane
shear. The corresponding yield surface can be represented in the plane (Rm,Req). Five different triaxiality
ratios s ¼ Rm

Req
were considered. For each of them and for each microstructure, the macroscopic yield stresses

on the yield surface (Rm,Req) were determined by the FFT simulations. The results corresponding to micro-
structures with a single void size (see Fig. 3) are reported in Fig. 7.

The influence of the type of microstructure follows the same general trends as in the case of a purely
hydrostatic stress or a pure shear: the weaker configurations are the connected clustered microstructures,
the stronger configurations are the random configurations, whereas the disconnected clustered microstruc-
tures give intermediate results.

Two-dimensional FFT simulations have also been performed for type-B loadings. The associated results
are also shown in Fig. 7b. The same hierarchical order as for type-A loadings between the different types of
microstructure is observed except for purely deviatoric load where the dependence on the microstructure is
small. One can also note that the computed yield stress for a given microstructure is larger than for type-A
loadings except, of course, for a purely hydrostatic stress which is the same for both loadings.

The FFT results can be compared with the predictions of two-dimensional Gurson (1977), which has
been derived for axisymmetric loads along the direction of the fibers, and reads
Req

r0

� �2

þ 2f cosh

ffiffiffi
3

p

2

Raa

r0

 !
� 1� f 2 ¼ 0; with Raa ¼ R11 þ R22; ð11Þ
where f is the macroscopic porosity and r0 the matrix yield stress. As shown in Fig. 7, the Gurson model
yields the stiffest response. This excessive stiffness follows from the fact that Gurson�s model given by Eq.
(11) is built on the assumption of full plastification of the matrix in the RVE and does not account for a
possible strain localization between the pores as discussed in the following section. In addition the axisym-
metric loading for which this criterion was designed is less susceptible of strain localization, at least for low
triaxiality, as calculations by Michel et al. (2000) have shown. The type-A loading for which the deviatoric
part of the stress only contains transverse shear components, may cause much stronger strain localization
as shown in the next section. The type-B loading is intermediate, since its deviatoric part contains both a
transverse shear part T�S

2
ðe2 
 e2 � e1 
 e1Þ and an axial part T�S

3
ð2e3 
 e3 � e1 
 e1 � e2 
 e2Þ.

Finally, let us mention for completeness that results (not reported here) similar to those shown in Figs. 6
and 7 have been obtained for microstructures with a variable pore size (polydisperse case). For a given class



Fig. 8. Snapshot of the local equivalent strain for a purely hydrostatic macroscopic stress: (a) random microstructure (b)
microstructure with disconnected clusters and (c) microstructure with a connected cluster.
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of microstructure, it has been observed that voided materials with a single pore size (monodisperse) are
stronger than voided materials with a variable pore size (polydisperse case not reported here).

4.2. Local fields

The equivalent strain fields for a purely hydrostatic and for a pure shear loading are shown in Figs. 8 and
9, respectively. In these snapshots and in the following ones, blue zones are almost not deformed, white
areas are the more strained and red parts undergo intermediate deformations. The overall strain is such that
the overall stress has reached a plateau. In both cases, the deformation tends to concentrate into bands.
Under pure shear loading, the bands are almost straight and their orientation, horizontal and/or vertical,
is governed by the overall loading. According to preliminary results of a study which is still in progress,
bands go through planes where the pore density is maximum. Similar conclusions have already been drawn
from an experimental study on two-phase materials by Bornert and Doumalin (2000). Under purely hydro-
static loading, the bands are more wavy and their position is determined by the local configuration of the
pores since no preferential orientation is imposed by the loading.

This strain localization mode must be considered in parallel with the yield stress for the different types of
microstructure: the easier the localization is, depending on the microstructure and the associated pore and
cluster connectedness, the lower the overall yield stress. On the other hand, the larger the triaxiality ratio,
Fig. 9. Snapshot of the local equivalent strain for pure shear in the transverse plane: (a) random microstructure; (b) microstructure
with disconnected clusters and (c) microstructure with a connected cluster.



Fig. 10. Snapshot of the local equivalent strain for type-B loading and different triaxiality ratios: (a) s ¼ 1
3
; (b) s = 1 and (c) s = 3.

530 N. Bilger et al. / International Journal of Solids and Structures 42 (2005) 517–538
the larger the band width and the more pronounced their spreading. The latter conclusion is illustrated in
Fig. 10: when the triaxiality ratio is small, the orientation of the bands is fixed by the loading whereas, at
larger triaxiality ratios, the orientation of the bands is more and more determined by the location of the
pores. These properties are even more visible in the extreme cases of Figs. 8 and 9.
5. Three-dimensional computations

The microstructures used in the three-dimensional computations are shown in Fig. 5 of Section 2.

5.1. Yield stress

The dependence of the macroscopic mean stress Rm on the mean strain Em for pure hydrostatic loading
and of the equivalent stress Req on the equivalent strain Eeq for type-A and type-B loadings at zero triax-
iality ratio (Rm = 0) is reported in Figs. 11 and 12, respectively. A spatial resolution of 1283 voxels was used
for these loading conditions. Five realizations were used in all calculations except in the case of microstruc-
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Fig. 11. Macroscopic yield stress for a purely hydrostatic load. Image resolution: 1283 voxels.
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Fig. 12. Three-dimensional problem. Macroscopic yield stress at zero triaxiality ratio. Image resolution: 1283 voxels: (a) type-A
loading and (b) type-B loading.
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tures with connected clusters, for which only one realization was used. The corresponding dispersion is
again given on the plots, the error bars indicating the extreme values and the continuous line corresponding
to the averages.

The same trends as in the two-dimensional case are observed in Fig. 11: the random microstructure is the
strongest microstructure and the microstructure with a connected cluster is the weakest microstructure. In
Fig. 12, the third stress invariant is shown to assess its influence on the macroscopic response, the first two
invariants being the same for type-A and type-B loadings. In Fig. 12a, unlike the trends observed in Fig. 11,
the yield stress associated with the connected cluster is almost as high as the one associated with random
microstructures. The reason for that may probably be found in the fact that a significant dispersion of the
computed yield stress––as already observed in Fig. 6––may occur and dominate the effect of the morphol-
ogy at this small volume fraction (0.6% pores). For type-B loading, the dispersion observed in the case of
random microstructures is too small to be seen on the curve : it is of the order of 10�4r0; it can be noted in
addition that the different microstructures can hardly be distinguished for this loading condition, which
suggests that pore distribution plays only a minor role in this case.

The yield surfaces (Rm,Req) are reported in Fig. 13 for both type-A and type-B loadings. The results of
FFT calculations are compared with the predictions of various models such as the Gurson model and the
Gurson–Tvergaard model which can be put in the form:
Req

r0

� �2

þ 2qf cosh
3

2

Rm

r0

� �
� 1� ðqf Þ2 ¼ 0;
where q = 1 in the original Gurson model and q varies from 1.25 to 1.5 in the Gurson–Tvergaard
model.

Smaller cell sizes have been used for these calculations (643 voxels) with in general only one realization.
Yield stresses for type-A loadings follow the same hierarchical order as in the two-dimensional case, except
at low triaxiality ratios, where the dependence of the results on the morphology is small. For type-B loa-
dings, the yield surface does not depend on the microstructure at small triaxiality ratios; the dependence is
stronger at higher ratios and results similar to those obtained for type-A loadings are found for hydrostatic
conditions. The third invariant of the stress is seen to play a significant role as illustrated in the zoom of
Fig. 13c at small triaxiality ratios. For a discussion of this role, which was also observed for a periodic
distribution of pores, the reader is referred to Richelsen and Tvergaard (1994) who have performed finite
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elements simulations on a one pore unit cell. It should be noted that the Gurson and the Gurson–Tvergaard
models overestimate the yield surface at all triaxiality ratios, and that the discrepancy is maximal at inter-
mediate triaxiality ratios.

5.2. Local fields

The snapshot of the equivalent strain on a transverse cross-section of the RVE is shown in Fig. 14 for a
purely hydrostatic loading. Once again, the deformation tends to localize into bands, especially in the case
of the microstructure with a connected cluster. The band orientation is still imposed by the local pore con-
figuration since no preferred orientation is associated with the applied load. The localization seems to be
less pronounced for the microstructure with disconnected clusters. This is only due to the fact that it follows
a three-dimensional path and is not only concentrated in the chosen cross-section. Note that the bands were
narrower in the two-dimensional case.



Fig. 15. Snapshot of the local equivalent strain for a pure in-plane shear load: (a) microstructure with disconnected clusters and (b)
microstructure with connected clusters and (c) random microstructure.

Fig. 14. Snapshot of the local equivalent strain for a purely hydrostatic load: (a) Microstructures with disconnected clusters; (b)
microstructures with connected clusters and (c) random microstructure.
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Snapshots on successive cross-sections of the RVE of the local equivalent strain in the case of a pure
shear type-A loading are shown in Fig. 15. The localization mode is almost planar. The planes are vertical
and their orientations are determined by the applied loading as in the two-dimensional case. The number of
localization planes is larger––and therefore the strain field is more diffuse––for the random microstructure
than for the microstructures with clusters. Hence, the localization seems again to be more severe in the case
of microstructures with connected or disconnected clusters than in the case of a random microstructure.
Local fields for type-B loading are not reported here since no strong localization could be observed; the
plastic flow seemed to be much more diffuse than for type-A loading. This may explain the small influence
of the pore distribution on the overall behavior. Additional computation with enhanced resolutions are
however necessary to confirm this tendency.
6. A statistical tool

It follows from the preceding sections that the plastic behavior of voided materials can be strongly influ-
enced by details of their microstructure, such as the presence of clusters of voids. Moreover the nature of
the clusters, connected or disconnected, matters. To detect the presence of clusters in a real microstructure,
an image analysis tool is required. We propose here a statistical tool based on the distance function.
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6.1. The distance function

The distance function from a point to a given set is the Euclidian distance from this point to the nearest
element belonging to this set. When applied to the matrix of a porous medium, it gives the distance
d (x) = minj{d

j(x)} where dj (x) is the distance from any point x of the matrix, discretized into pixels or vox-
els, to the edge of the pore j. When all the pores j are circular or spherical, with radius rj, a convenient nor-
malized distance can be defined as the minimum ratio of dj (x) over rj, namely
Fig. 16
norma

Fig. 17
d̂ðxÞ ¼ minj
djðxÞ
rj

� �
:

The distribution of such functions applied to the microstructures of Figs. 3 and 5 is plotted in Figs. 16 and
17. We recall that in these figures, the width of the unit cell has been taken to be 1.

The simulated two-dimensional microstructures of Fig. 3 were generated directly from two-dimensional
processes. When real microstructures are investigated, the experimental data provide us only two dimen-
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sional pictures. If two-dimensional simulations are then performed for comparison, the corresponding
microstructures can be either simulated directly from two-dimensional processes or obtained as two-dimen-
sional cross-sections of three-dimensional microstructures. Obviously, the resulting two-dimensional statis-
tical properties will be different.

Figs. 16 and 17 show that the distribution of the distance function exhibits some sensitivity to the class of
microstructure and can at least be used for comparison. In addition, they suggest that the width of the dis-
tribution of the distance function is larger for clustered microstructures than for random ones. For the sake
of clarity, only microstructures with a single pore size have been reported in Figs. 16 and 17. However, sim-
ilar results have been obtained for microstructures with a variable pore size. Therefore, both the distance
function and the normalized distance function could be used to detect the presence of clusters. However,
both of them are unable to distinguish connected from disconnected clustered microstructures. So, addi-
tional statistical tools are needed.

6.2. Connectedness analysis

To go further in the analysis, a threshold distance d0 is introduced (see Fig. 16a). For each value of d0,
the set of the matrix points with a distance to the nearest pore less than d0 is determined (displayed in gray
in Fig. 18 from a binary image of the RVE) and the number of connected components of this grey set is
counted. The associated two-dimensional graph, where the number of connected components is plotted
as a function of d0 (see Fig. 19) can be used to distinguish between connected and disconnected clustered
microstructures.

When d0 is small, the number of gray zones is maximum and coincides with the total number of pores
inside the RVE. When d0 increases, the number of connected components decreases because of the progres-
sive overlap of gray zones. This occurs much earlier for clustered microstructures than for random ones.
The presence of well-separated inner characteristic scales for the system under study is associated with pla-
teaus on the plots. Especially, when a characteristic size of disconnected clusters exists, there exists a specific
value of d0 representative of this size around which the curve exhibits a first plateau. The height of the pla-
teau measures the number of isolated clusters and this plateau occurs only for this type of microstructure.
In this way, disconnected clustered microstructures can be distinguished from connected clustered ones (as
well as from random microstructures). For very large values of d0, all the curves converge towards a last
plateau which expresses the fact that there remains only one grey zone. This scheme can also be applied
to three-dimensional microstructures as shown in Fig. 20 associated with the microstructures of Fig. 5.
The experimental determination of the three-dimensional position of the pores might be a problem, since
Fig. 18. Result of the threshold operation performed on the distance function: (a) d0 = 0.023 and (b) d0 = 0.066.
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two-dimensional sections are no longer sufficient. Modern tools such as microtomography might however
be used to overcome this difficulty.

The sensitivity of this method has been checked by use of five realizations for each type of microstructure.
The results show a rather small variation of the distance function from one realization to another. The same
conclusion holds for the connectedness analysis. More precisely, when the microstructures are of the cherry
pit type (i.e., when a minimal distance is imposed between neighboring voids and clusters), the differences are
really negligible. They increase slightly when the hard sphere model is used: since this minimal distance van-
ishes, the variability of the void distribution is larger and some slight fluctuations can be observed.
7. Conclusion

Numerical simulations based on the Fast Fourier Transform have been performed on microstructures
made of perfectly plastic porous media containing different void distributions. They show a significant
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influence of the void distribution on the overall yield properties and on the local mechanical fields. The stiff-
est responses correspond to random microstructures with no particular void clusters. The softest responses
correspond to microstructures with a connected cluster of voids. The responses for microstructures contain-
ing isolated clusters of voids lie in between the two preceding cases. From the above reported results and
from other simulations that have not been presented here for brevity, it follows that, for a given porosity
and a given class of microstructure, the response seems to be softer when the void size is variable than when
it is constant. These macroscopic effects are enhanced when the overall stress triaxiality is large.

At the local scale, the strain fields exhibit a pronounced localization into narrow bands whose activity
and patterns depend on the class of microstructure: these bands are more easily observed in the case of clus-
tered microstructures with connected cluster under pure overall shear. When clusters are present, the bands
are straighter. Their orientation is mainly governed by the overall stress but their location is dependent on
the microstructure: they seem to choose paths of maximal void density. When the loading is close to purely
hydrostatic conditions, the two-dimensional bands are more curved and spread.

These phenomena are expected to play a significant role on the fracture behavior of industrial metals and
alloys, where inclusions can behave as initial voids: this is being investigated both theoretically and exper-
imentally in a study of the brittle–ductile transition of nuclear steels (Bilger, 2003).
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